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Let A be a smooth curve in a Euclidean space E given by an arc length 
parametrization f: [0, 1 ] + E. Let R, = {O = t, < t, < ... & t, = I) be a partition of 
[O. l] and let P, be the polygon with vertices f(t,), f(t{)....,f(t,). Let L(A) and 
L(P,) denote the lengths of A and P,. respectively. The paper investigates the 
behavior of nZ IL(A) - L(P,)J when the partition n, is induced by the sequence 
n0(mod 1) for some irrational number 8. It turns out that this behavior depends on 
the partial quotients of the continued fraction expansion of 8. 
Let A be a smooth curve in a Euclidean space given by an arc length 
parametrization f: [0, l] -+ E so that ]]f’(s)]] = 1 and ]]f”(s)]] = K(S) is the 
curvature. If 71, = (0 = t, < t, < ..a ,< t, = 1) is a partition of [0, I] and P, is 
a polygon with vertices (f(t,), f(ti),...,f(t,)} then the length L(P,) of P, 
converges to the length L(A) = 1 of A, provided max ] ti+ i - ti / -+ 0. In a 
recent paper [ 1 ] Gleason investigated the rate of this convergence. He has 
shown that if P, is chosen to be the longest polygon of not more than n sides 
which can properly be inscribed in A then 
lim n*(L(A) - L(P,)) = $- (i, rc213 ds) 3. 
For a given n the polygon P, is not that easy to find, of course. In this paper 
we investigate the rate of convergence of L(P,) when the points of partition 
rr, are given in various other ways. We show two theorems, the first one is 
straightforward. 
THEOREM 1. Let 71, = (0, l/n, 2/n ,..., n/n = 1 } and let P, be the polygon 
with vertices f(i/n), i = 0, l,..., n. Then 
lim(n + l)‘(L(A) - L(P,)) = 41, x2 ds. 
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The second theorem has more of an arithmetic character. As a matter of 
fact it can be viewed as a theorem about the distribution of the sequence no 
(mod 1). 
THEOREM 2. Let 8 > 0 be an irrational with continued fraction 
expansion 
e= [x,;x,,x, )... ] =x0 +I L -*a. 
x, + x* + 
Let {t) denote the fractional part of t, i.e. (t) = t(mod 1). Let z,, be the 
partition of [0, I] formed by 0, {it?}i = l,..., n - 1 and 1, and let P, be the 
corresponding polygon. If K(S) # 0, we have the following: 
(I) lim inf n*(L(A) - L(P,)) < co, 
(II) lim sup n*(L(A) - L(P,)) < co if and only ifx,‘s are bounded. 
In case A is a circle and 8 = f [ 1 + fi] = [ 1; 1, l,...] both the upper and 
the lower limits can be evaluated. 
The relevant geometrical information needed in the proofs is contained in 
the following result. 
LEMMA. Let f: [0, 1 ] + E be a smooth curve parametrized by the arc 
length. Then for every t in [0, 1 ] 
Ilf(t+h)-f(t)l[=h-&c2(t)h3(’ +0(l)) as h+O (1) 
where o(1) is uniform in t. 
This lemma was proved by A. M. Gleason [ 1, p. 901 essentially from first 
principles. We sketch here a different proof which relies on Frenet formulas. 
For each t in [0, I] let T(t) =f’(t), N(t), and B(t) be the tangent, normal, 
and binormal unit vectors are mutually orthogonal and satisfy the Frenet 
formulas 
T’ = KN, 
N'=-KT+ tB, 
B’= -KN. 
where K(t) is the curvature and z(t) is the torsion of the curve (see [2, p. 58) 
for example). Let t be a fixed and put ,4(h) = A,(h) = f (t + h) - f(t). Clearly 
A(0) = 0 and A’(h) = T(t + h). Set now a(h) = a,(h) = llA(h)ll’ = A(h) . A(h). 
A bit tedious but straightforward calculation gives 
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a’(h) = 2A . T, 
a”(h) = 2 I/ Tlj* + 2A . T’ = 2 + 2Kz4 . N, 
a”‘(h) = 2K’,4 . N - 2K*A . T + KS/i . B, 
d4’(h) = 2rc”A . N - 2KK’A . T + ~K’TA . B - 4KK’fi . T 
- 2K2 - OKRA . N + K’SA . B + ~t’/f . B - K?A . N, 
where all the functions on the right-hand side are to be evaluated at t + h. It 
is seen that a’(0) = 0, a”(0) = 2, a”6’(0) = 0, ac4’(0) = -2~‘(t) and a’“‘(h) 
is a continuous function of both t and h. Thus, by Taylor’s expansion 
a(h) = h2 -&~*(t) h4(1 + o(h)) 
= h*[ 1 - &K*(t) h*]( 1 + o(h)), 
where o(h) is uniform in t. Using the Taylor’s expansion 
(1 +x)“2 = 1 + fx(l + o(l)) as x+ 0, 
we get 
llf(t + h) -f(t)11 = [a(h)]“’ = h -&4-~*(f) h3(1 + o(h)), 
which is exactly (1). 
The proof of Theorem 1 is now immediate. Let R,, = (0, l/n, 
2/n,..., n/n = 1) and let P, be the corresponding polygon with vertices at the 
points of 71,. Since f is the arclength parametrization, the length of the curve 
between j(i/n) and f((i + 1)/n) is l/n, it follows from the lemma that 
n’IL(P,)-L(A)i=$ ‘$’ IC* (f)$(l +o(l)) 
J-1 
(1 +0(l))-&; K*(S)dS. 
We now proceed with the proof of Theorem 2. If 8 > 0 is irrational then the 
distribution of the points { 01, (20},..., {no\ is reasonably well understood. We 
summarize here the basic facts; for the details and references, see 131. Let 
n > 1 be given. Let 1 < a, < IZ be such that (a,0} is the smallest among {0}, 
{ 219},..., {no), and let 1 < b, < n be such that {b,e) is the largest. Let 
a,= (a,B), p,= 1 - {b,B}. The interval [O, l] is divided by (e}, 
(20},..., {no} into n + 1 subintervals as follows: n + 1 - a,, of these subin- 
tervals have length a,, a, + b, - (n + 1) of them have length (a,, + p,), and 
n + 1 - b, have length j?,,. (The fact that n + 1 > a, + b, can be proved from 
the definitions of a, and b, .) One can actually find a,, b,, a,, and /?, in 
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terms of n and the continued fraction expansion of 8 = [x,; x,, x2,...]. As 
usual, let q-,=0, P-1=O, qO= 1, Po=xo, qk+,=Xk+lqk+qk-1, &+I= 
xk+ 1 pk + pk-, ,6, = (-l)“(qkC? - P,J > 0. Given n, to find a, and a, express 
n as 
n=q,,+%nl+,+s~ O<r<x2m+2rO<~<q42m+lr 
so that q2,,, < n < q2,,,+ 2. We have then 
a,=q2,+rq2,+,, a, = d2, - rL+ I. 
To find b, and /I,, we express n as 
n=q,,-,+uq,,+v, O<u<xZm+l,0<v<q2m, 
so that qzrnp, < n < q2,,,+, . We have then 
bnqan- 1+ uqm, P, = 62,- I - U~2rn * 
Wealsoremarkthatx,.,=[6,_,/6,],6,+,=6,_,-~,+,6,and 
(2) 
(3) 
(4) 
(5) 
xk+2 1 -<&<--. 
qkf2 qktl 
(6) 
Let7t=(O=t0<t,<~.. < t, = 1) be a partition of [0, 1 J into n intervals 
and let 
S(n) = nz 2 (tj - fj- ])‘. 
j=1 
Let P, be the polygon with vertices at f(tj); then it follows from the lemma 
that 
n21L(P,)-‘(A)I= ~\= K2(tj_I)(t,j-tj-,)31 (1+0(l)). 
! ,Y 
Since we assumed that K(S) # 0, Theorem 2 follows immediately from the 
following result. 
THEOREM 3. Let 0 > 0 be an irrational number and let 7c, = 
{O < to < t, < **. < t,+, = 1) be the partition of [0, l] determined by {0}, 
{28),..., (ne}. If we set S(n) 55 S(71,) = (a + 1)’ CJz: (tj -  tj.-1)3 then 
(I) lim inf s(n) < co, 
(II) lim sup S(n) = 03 if and onfy if the partial quotients of t9 are 
unbounded. 
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Proof: Let n, = qlm + qzm+ , - 1. From the discussion above it follows 
that a=q,,,b=q,m+l, OL=S-,~,/~=~~~+, and using (6)we obtain 
w>= (92m +92m+1)2(42m %I+, +42mtlGn) 
S (qzm + 92m+1)2(92m92t2 + qzm+ ,9Zt ,I = o(l) as m  --t ~0. 
Hence I follows. To show II, assume first that all the partial quotients xk of 8 
are bounded by K: xk ,< K. We wish to show that all S’s are bounded. Since 
X kt I= [4-,/U, th ere exists a constant c > 0 such that 
1 - c < 6,-, 16, < c. 
Claim that c can be chosen so that also the following hold: 
1 - 
c 
< an/b, < c. 
Indeed suppose first q2,,, < n < q2,,,+, 
Let u and u be determined by (4) so 
1 - c < anI& < c. (7) 
for some m, so that a, = qzm (see (3)). 
that 
a -A= 92m 
bll U92m + 92m- I 
&2?L 
92m-1 
ZZ X2mq2m--l + q2m-2 <xzm $ 1 <K + 1. 
42m- I 
On the other hand 
$Q 42m 
1 1 
n X2mtl92*+92m-, 
> a-. 
Xzm+1f 1 K+ 1 
If IZ satisfies qzm-, < n < qzm the analysis is based on (4) and leads to the 
same conclusion. As for the ratio of a, and /3, we have the following: For 
q2,,, S n < qzm + 1 and u given by (4) 
1 ,<k- 6 
6 
p, s2*~~~uS2m ss2:",, <Gnt2+ 1 <K+ 1. 
For qzmpl < n < q2,,, and r given by (2) 
1&Z 6 Zm-1 2 
a, a,,-, -rdzm-, L 
x<~2m+L+ 1 <KS 1. 
d2, 
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This shows assertion (7). To show now that S(n) is bounded, we have 
S(n) = (n + l)* [(n + 1 - a,) (XI, + (a, + b, - n - l)(a, + PJ3 
+ (n + 1 - hJP;l 
< 6% + bJ2 P,ai + (b, - lk + a3 + %PSl 
< mMl>” 
for some constant M depending on c only (and hence on max xk). Since 
a,$” + b,,a,, = 1 the result follows. We now show the converse of II, that is, 
if the partial quotients are unbounded, then lim sup S(n) = +co. There are 
two cases: either {xzm} or {x*~+,} is unbounded. We will present the 
arguments in the former case, the situation in the latter is very similar. For 
each m let y, = [ fxZm + 2 ] - 2. For infinitely many m’s y, > 0 and of course 
lim sup y, = co. Let 
so that on account of (2), (3), (4) and (5) 
~=q,,+Y,q2,+1~ a=62,-Y,~2,+1 > Yma2mtlr 
b=q 2mt1, P=~*nl+,9 (a + b) - (n + 1) = 0. 
Thus 
S(n,) = (n + l)‘[(n + 1 - u)a3 + (n + 1 - b)P”] 
= (q2m + (Y, + 1) 42mt ,)2(92mt1a3 + (92m + Ym92mt dB’> 
2 Ys?*m+ I ~2m+J3. 
It follows from (6) that 
(4 2mt1 
s2mt1)3a (x2,+~;2:~;e2,,,)3~ (,2m+yr+;2,,,)3 
( q2m+1 ) 
3 1 
= 
x2m+2q2m+I+q2m+q2m+I > (~2,+2 + PI3 ’ 
Thus W,> > yitlh, t 2 + 2)3 so lim sup S(n,) = +co. This completes the 
proof of the Theorem 3. 
The values of lim inf S(n) and lim sup S(n) will in general be different for 
0’s with bounded coefficient. In fact for some 0 these values can be evaluated 
as the following result shows. 
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THEOREM 4. Let e = f(1 + Js) = 11; 1. l,...]. Then 
+ 
lim inf S(n) 
3 
3(2 \/<I = - (2e+ i)= - _ 56 5 6 1 * 136 ‘..’ 
lim sup S(n) = ~ 32 (2e+ I)= 
45 J5 
32(2 + u/s> = 1 347 
45 fi * ... ’ 
ProoJ For the 0 in the hypothesis, all partial quotients are equal to 1 so 
q-1 =o, qo= 1, 4, = 1, qk+I=qkfqk-I. 
p-1 = 1, PO= 1, p, =2, Pk+l =Pk+Pk-Lq 
6 -6 -6,, 6,=e- I, 6,= l ktl- k-1 giTT3 
(8) 
qk-I = 
~(,gk+)k,yk) 
\/5 
SO that lim(qk/Bk) = e/a. 
The above all follow by a straightforward induction and the fact that B 
satisfies 19’ = e + 1. 
Let 0 < t, < 1 be such that t,q,,-, - 1 is a positive integer and t, + U. We 
will show that 
lim s(q2, + tkq2,- 1 - 1) = - 3 (e+u)2(e-U)=v(U). (9) 
k 
5fi 
Similarly if 0 < sk < 1 is such that s,q,, - 1 is a positive integer and sk + u 
then 
liF ‘%k+ 1 + skq2k - l) = d”). (10) 
The theorem will then follow from (9) and (10). Indeed, assume that both of 
these are true. Let {nj} be such that S(nj) + 5. Clearly nj belongs infinitely 
often to an interval of the form [q2k, qZk+ 1) or infinitely often to an interval 
of the form [q 2kf,, qzk+ J. In the first case 
nj = q2k + tkq2k- 1 - 1, 0 < t, < 1, k = k(j); 
in the second case 
nj = q2k+, + skq2k - I9 0 < sk < 1, k = k(j). 
By taking a subsequence, if necessary we may assume that t, (or sk) 
converges to u. Thus, in the first case nj is a subsequence of q2k + tkq2kP, 
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and in the second case a subsequence of qZk+, + s,q,, - 1. It is clear now 
that that S(nj) + < = v(u) f or some 0 < u < 1, so that lim sup S(n) and 
lim inf S(n) are, respectively, the maximum and the minimum of v/(u) for 
0 < u < 1. A little bit of calculus shows that the maximum occurs for 
u = 0/3 and the minimum for u = 0 or u = 1 (~(0) = ~(1) and ~‘(0) > 0). 
Easy computation gives the values for ~(0) and w(0/3) as asserted in the 
theorem. 
We now show (9), the equation (10) is completely analogous. Let nk = 
qzk + tkqzk-, - 1; for this n we have from (2), (3) (4) and (5) 
a =q2k’ b = q2k- I 3 a = 82k3 P=s2k+,* 
Thus 
S(nk) = b2k + tkq2kpd2[fkq2k&l &k + t1 - Ik)t62k + 62k- 1J3 
Straightforward substitution of values for 6 from (8) and the fact that 
qj/e’ ---) S/V% gives 
lip S(n,) = 5-3’2(t9 f ~)~[24/8~ + (1 + 1/13)“(1 - u) + 0 + u - 11. 
Using the fact that 19~ = 0 + 1 the expression in square brackets simplifies to 
3(8 - u), so indeed lim, S(n,) = w(u). The proof of Theorem 4 is now com- 
plete. 
We can make the following geometrical interpretation of this result. 
COROLLARY. Let A be a circle of permieter 1, i.e., the radius fn. Let 
8= +(l +fi) andf or each n let P, be the convex polygon with n + 1 sides 
formed by vertices obtained by marking ofl lengths 0, 28, 38,..., n0 on the 
perimeter of A beginning from some fixed point. Then 
lim inf(n + 1)’ 1 L(A) - L(P,)J = @+a 
40 fi 
(2n)’ = 1.869..., 
lim sup(n + 1)2 1 L(A) - L(P,J = 
4(2 +- fi) 
135 fi 
(2n)2 = 2.2 16 . . . , 
ProoJ From (1) we see that 
(n + II2 IL(A) - W,)I 
=$-(n+ l)2 (nc K2(tj)~fi-lj-~\) (1 +0(l)), 
j= I 
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where the points P,, P, ,..., P, are 0, (8}, (28) ,..., (no}, 1 arranged in 
increasing order. Since K E 271 the result follows immediately from 
Theorem 4. It is perhaps interesting to compare these results with Gleason’s 
value for lim n2(L(A) - L(P,)) = &(2n)’ = 1.645 . . . where P, is the longest 
polygon with n sides inscribed in this circle. 
REFERENCES 
1. A. M. GLEASON, A curvature formula, Amer. J. Math. 101 (I) (1979), 86-93. 
2. BARRETT O’NEILL, “Elementary Differential Geometry.” Academic Press, New York. 
1966. 
3. N. B. SLATER, Gaps and steps for the sequence n mod 1, Proc. Comb. Phil. Sot. 63 (1967). 
1115-1123. 
